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We develop a combinatorial approach to the construction of gen¬ 
eral smooth compact base surfaces that support elliptic Calabi-Yau 
threefolds. This extends previous analyses that have relied on toric 
or semi-toric structure. The resulting algorithm is used to construct 
all classes of such base surfaces S with < 8 and all base sur¬ 

faces over which there is an elliptically fibered Calabi-Yau threefold 
X with Hodge number > 150. These two sets can be used 

to describe all 6D F-theory models that have fewer than seven ten¬ 
sor multiplets or more than 150 neutral scalar fields respectively in 
their maximally Higgsed phase. Technical challenges to construct¬ 
ing the complete list of base surfaces for all Hodge numbers are 
discussed. 


1. Introduction 

The problem of classifying Calabi-Yau threefolds is important both for math¬ 
ematics and for physics. In mathematics, progress in recent years on the 
minimal model program for surfaces and for higher-dimensional algebraic 
varieties {i.e. Mori theory [l|) has provided tools for understanding and 
classifying threefolds and higher-dimensional varieties with non-vanishing 
canonical class. These methods are not directly applicable, however, to clas¬ 
sification of Calabi-Yau manifolds, which have a canonical class that vanishes 
(up to torsion). In physics, Calabi-Yau manifolds play an important role as 
compactification spaces for string theory j^. Classification of Calabi-Yau 
manifolds is useful in understanding the space of vacuum solutions of string 
theory. Despite many years of study of these spaces, it is still not known if 
the number of distinct topological types of Calabi-Yau threefolds is finite 
or infinite. Physicists have systematically analyzed certain types of Calabi- 
Yau manifolds using specific constructions such as complete intersections 
in projective spaces (CICY’s j^) or hypersurfaces in toric varieties [3]. A 
particularly useful compilation of data for the full set of toric hypersurface 
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Calabi-Yau’s was made by Kreuzer and Skarke 

refined data for the threefolds with small and 7| for a nice graphical 
interface to the set of current Calabi-Yau data.). See 8,[^ for recent reviews 
of various approaches to constructing and classifying Calabi-Yau threefolds. 

The space of elliptically fibered Calabi-Yau threefolds represents a subset 
of the set of Calabi-Yau manifolds that is known to admit a finite number of 
top olog ical types [l^. In recent years, motivated by the physics of F-theory 


III-I 13 I]. a systematic approach has been developed to classifying elliptically 


fibered Calabi-Yau threefolds through the geometry of the base of the elliptic 
fibration, which is a complex surface. The set of possible conhgurations of 
mutually intersecting curves of self-intersection —2 or below that can arise 
on a surface supporting an elliptic fibration where the total space is Calabi- 


Yau were classified in 1^. These “non-Higgsable clusters” provide building 


blocks out of which all base surfaces that support elliptic Calabi-Yau three¬ 
folds can be constructed. The complete set of allowed compact toric bases 
was described and enumerated in 
with a single C*-structure in 


I 5 I ]: this analysis was extended to bases 


161]. For each allowed base, there are many 


possible different elliptic Calabi-Yau manifolds over that base; each distinct 
topology can be realized by resolving singular geometries constructed by 
“tunii^’ coefficients in a generic Weierstrass model over the given base (see, 
e.g., |l7l ]l to realize different Kodaira singularity types over divisors in the 
base. Non-Higgsable clusters have also been used as basic building blocks in 
the construction of general 6D superconformal field theories 18l42r)l|. 


In this paper we develop methodology to classify general smooth com¬ 
pact bases that support elliptic Calabi-Yau threefolds, without restricting to 
base surfaces with toric or any other specific structure. The approach we take 
is combinatorial in nature. From the minimal model program for surfaces 21] 
and the work of Grass! 2^ it is known that all allowed bases can be formed 
from blow-ups of the Hirzebruch surfaces F^, m € {0, 2,3,... , 7,8,12}, pro¬ 
jective space P^, or the Enriques surface. Our basic approach is to char¬ 
acterize each surface in terms of the combinatorics of the cone of effective 
curves. This data can be characterized by the set of vectors that generate 
the effective cone in the lattice where T = — 1 corresponds to 

the number of tensor multiplets in an F-theory compactification on the base 
surface S. In most cases, the cone has a finite number of generators and this 
is a finite combinatorial problem. 

There are a number of technical complications that can arise in this 
analysis. In some cases, the number of generators of the effective cone can 
become infinite. In other situations, the combinatorial structure of the cone 
of effective curves is insufficient to uniquely specify the geometry of the 
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base surface. In this paper we describe these complications and develop 
an algorithm for explicitly constructing bases that avoids these issues in 
some regions of interest. This gives a systematic approach to constructing 
large classes of bases for elliptic Calabi-Yau threefolds. In particular, we 
construct bases with small T, and bases that give generic elliptic fibrations 
corresponding to Calabi-Yau threefolds with Hodge number > 150. 

In both cases, we believe that we have constructed all possible bases in 
the appropriate regime, though we have not proven this in a completely 
rigorons mathematical fashion. In principle, a systematic analysis of tuning 
Weierstrass moduli over these bases could lead to a systematic construction 
of all elliptic Calabi-Yau threefolds with large or small h^'^{S). 

In ^ we review the basics of F-theory and the connections between 
the geometry of a complex base surface S, the generic elliptic Calabi-Yau 
threefold X over S, and the physics of the corresponding F-theory compact- 
ification. We also review some basic complex algebraic geometry of surfaces. 
In ^ we give some very simple examples of base surfaces and the structure 
of the cone of effective curves on these bases. In ^ we describe in some 
detail how the cone of effective curves can be determined when a surface 
is formed as the blow-up of another surface. We describe a more general 
class of examples, the generalized del Pezzo snrfaces, in ^ In ^ and ^ 
we discuss obstructions to the systematic combinatorial construction of all 
base surfaces. In ^ we describe the systematic algorithm for classification 
of bases, and give the results of applying the algorithm for small T in ^ 
and for large in HOI Some concluding remarks are given in HTl 

Note that while the analysis in this paper is carried out in a concrete 
mathematical framework, we have not attempted to be completely rigorons 
from the mathematical point of view. The goal of this work is to explore 
the space of general bases that support elliptic CY threefolds using a com¬ 
binatorial and algorithmic approach that gives insight into the nature of the 
scope and structnre of generic bases of this type. In varions places in the 
paper we point out some specific ways in which our analysis neglects certain 
complexities which wonld need to be addressed more systematically for a 
complete classification of all bases supporting elliptic CY threefolds with 
arbitrary Hodge numbers. 


2. Complex surfaces as F-theory bases 


We summarize here some basic facts from the physics of F-theory and the 
algebraic geometry of complex surfaces. For a more detailed introduction to 
F-theory, see the reviews 23l42.5l| . 













■bases-atmpv2b” — 2017/3/9 — 1:43 — page 4 — #4 


Washington Taylor, Yi-Nan Wang 


2.1. F-theory on elliptic Calabi-Yau threefolds 


When F-theory is compactified on a compact Calabi-Yau threefold X that is 
elliptically fibered, one gets a 6D theory of gravity with J\f = 1 supersymme¬ 
try. This theory may also contain tensor, vector, and scalar (hypermultiplet) 
fields. 

The elliptic fibration tt : X ^ S must have a global section; a Weierstrass 
model of any such fibration exists 2^ and takes the form 


( 1 ) 


y'^ = + fx + g. 


If we denote the canonical class of the base by Kg, then the functions /, 
g and A are sections of line bundles 0{—4,Ks)-, 0{—GKs) and 0{—12Ks) 
respectively. 

The fiber is singular along loci in the base manifold S where the dis¬ 
criminant 


( 2 ) 


A = 4f + 27g^ 


vanishes. The Kodaira-Tate classihcation characterizes codimension-one sin- 

]. When the functions /, 


gularities where the discriminant A vanishes [2 71 . 
g and A vanish to specific orders on a divisor D, the singularity is associ¬ 
ated with the Dynkin diagram of a certain non-Abelian gauge algebra that 
describes a gauge f ield in the corresponding physical 6D supergravity the¬ 
ory 


12 l . Il 3 l . I29I-I31I]. The correspondence between vanishing orders of f,g 


and nonabelian symmetry algebras is listed in Table [TJ Codimension two 
singularities give rise to matter fields in the 6D theory, though this cor¬ 
respondence is not yet completely classihed. Note that if {f,g) vanish to 
order (4, 6) or higher at a codimension-one locus on the base, the singular 
Weierstrass model © cannot be resolved into a smooth Calabi-Yau three¬ 
fold. Then the F-theory compactification does not have a supersymmetric 
M-theory dual, hence it will not give any supergravity vacua. These points 
are also at infinite distance in the Weierstrass moduli space. If (/, g) vanishes 
to order (4, 6) or higher at a codimension-two locus (points) on the base, 
then such points need to be blown up on the base in the resolution process 
to give a smooth Calabi-Yau threefold. 

Rational curves of negative self-intersection on the base surface S can 
enforce minimal degrees of vanishing of /, g, A over those curves, for a 
generic elliptic fibration. When this happens, the physical theory has some 
minimal content of gauge fields and matter fields, regardless of the specific 
fibration one chooses in the Weierstrass moduli space. The configurations 
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Type 

ord (/) 

ord {g) 

ord (A) 

sing. 

symmetry algebra 

h 

> 0 

> 0 

0 

none 

none 

In 

0 

0 

re > 2 

■^n—l 

su(re) or 5p([re/2j) 

II 

> 1 

1 

2 

none 

none 

III 

1 

> 2 

3 

Til 

5u(2) 

IV 

> 2 

2 

4 

^2 

su(3) or su(2) 

T* 

> 2 

> 3 

6 

Z)4 

5o(8) or so(7) or Q 2 

r 

2 

3 

re > 7 

Dn-2 

50 (2n — 4) or so(2re — 5) 

IV* 

> 3 

4 

8 

ee 

ee or 

III* 

3 

> 5 

9 

ey 

Cj 

II* 

> 4 

5 

10 

es 

es 

non-min 

> 4 

> 6 

> 12 

does not appear for SUSY vacua 


Table 1: Table of codimension one singularity types for elliptic fibrations and asso¬ 
ciated nonabelian symmetry algebras. In cases where the algebra is not determined 
uniquely by the degrees of vanishing of f,g, the precise gauge algebra is fixed by 
monodromy conditions that can be identified from the form of the Weierstrass 
model. 


of cnrves of negative self-intersection that give rise to gauge and matter 
fields in this way were classified in 1^, and dubbed “non-Higgsable clus¬ 
ters” (NHCs), since the 6D gauge groups that arise in this way cannot be 
broken in a fashion that preserves supersymmetry by giving vacuum expec¬ 
tation values to {i.e., “Higgsing”) the charged matter fields. We have listed 
the configurations of possible NHCs in Table [5J While the gauge groups 
produced by non-Higgsable clusters cannot be broken in any supersymmet¬ 
ric vacuum without changing the base S, the coefficients of the Weierstrass 
model, associated with neutral scalar fields in the 6D supergravity theory, 
may be tuned to enhance the gauge contents of the theory. It was shown, 
for example, that in this way all elliptically fibered Calabi-Yau threefolds 
with > 350 (and indeed all known Calabi-Yau threefolds exceeding 

this Hodge number bound) can be constructed through tuning Weierstrass 
models over simple complex base surfaces US- 

The Hodge numbers of the generic (i.e., untuned) elliptic Calabi-Yau 
threefold X associated to a given base S can be easily computed from the 
non-Higgsable cluster content of the base using the relations 


(3) = R + T + 2 

(4) h^’\X) = 272 - 29T + V- Hcharged- 
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Cluster 

gauge algebra 

-^nonabelian 

V 

-f^charged 

(-12) 

es 

8 

248 

0 

(-8) 

ey 

7 

133 

0 

(-7) 

ey 

7 

133 

28 

(-6) 

ee 

6 

78 

0 

(-5) 

f4 

4 

52 

0 

(-4) 

so(8) 

4 

28 

0 

(-3, -2, -2) 

02 ©su(2) 

3 

17 

8 

(-3, -2) 

02 ©su(2) 

3 

17 

8 

(-3) 

5u(3) 

2 

8 

0 

(-2, -3, -2) 

su(2) 0 5o(7) 0 5u(2) 

5 

27 

16 

(-2, -2, ..., - 2 ) 

no gauge group 

0 

0 

0 


Table 2: List of “non-Higgsable clusters” of irreducible effective divisors with self¬ 
intersection —2 or below, and corresponding contributions to the gauge algebra 
and matter content of the 6D theory associated with F-theory compactifications on 
a generic elliptic fibration (with section) over a base containing each cluster. The 
quantities i?nonabeiian and V denote the rank and dimension of the nonabelian gauge 
algebra, and Llcharged denotes the number of charged hypermultiplet matter fields, 
which are in all cases other than the —7 curve cluster associated with intersections 
between the curves supporting the gauge group factors. 


Here, as above, T = — 1 is the number of tensor multiplets. The 

quantity R is the total rank of (nonabelian -|- abelian) gauge groups. V and 
i^charged are the numbers of 6D vector supermultiplets and charged matter 
hypermultiplets respectively [H, [I^. V, i^chargedj and the contribution of 
nonabelian gauge groups to R can be directly computed by summing up the 
contributions of all NHCs, using Table [51 when the intersection structure 
of curves on the base is known. In principle, there can also be an abelian 
contribution to R, even when X is the generic elliptic CY threefold over the 
base S. While this does not occur for toric base surfaces S, it was found in 
[l^ that there are a small number of base surfaces with a single C* structure 
(“semi-toric” bases) that give rise to theories with a non-Higgsable abelian 
gauge group structure. The corresponding Calabi-Yau threefolds are elliptic 
fibrations with multiple independent sections, corresponding to a higher rank 
Mordell-Weil group. It is shown in 3^ that all these threefolds are related 
and can be described through a generalization of the Schoen construction 


34i |. In general, computing the rank of the Mordell-Weil group for a given 


compactification space is a difficult mathematical problem, which we do not 
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attempt to address here. For the specific classes of non-toric bases that we 
enumerate here, there are no abelian contributions to R for generic elliptic 
fibrations. For a comprehensive analysis of bases giving elliptic Calabi-Yau 
threefolds with large ^nd small however, this possibility would need 
to be considered further. 

As mentioned above, the base S of any elliptically fibered Calabi-Yau 
threefold X can be constructed by blowing up a finite number of points 
on P2, a Hirzebruch surface F„(0 < n < 12) or the Enriques surface. The 
F-theory models in the case of the Enriques surface are relatively trivial, 
and do not allow any gauge field or matter content, since —Ks vanishes 
(up to torsion). In this paper we only consider and Fn(0 < n < 12) [l3 |. 
In Kodaira’s classification of complex surfaces (not to be confused with 
his classification of codimension one singularities in elliptic fibers mentioned 
above), these are all rational surfaces (birational to F^), with Kodaira dimen¬ 
sion k{S) = —oo [21|. The condition that —AKs, —6Ks, —12Ks have global 
sections means that the anticanonical class —Ks is in the cone of effective 
divisors. Stated more technically, the complex surfaces we study in this paper 
are anticanonical rational surfaces [3a, l36| , or those where the anticanonical 
class is an effective Q-divisor. We focus in this paper only on smooth base 
surfaces S. 


2.2. Algebraic geometry of rational complex surfaces 


The general theory of complex algebraic surfaces can be found in 2l|, [37 1. 


We review here a few basic definitions and ideas that will be helpful in 
systematically generating base surfaces. 

A (Weil) divisor ZD is a formal linear combination with integer coefficients 
of irreducible algebraic curves on the algebraic surface S. If the coefficients in 
the linear combination are all non-negative, then the divisor is effective, D > 
0. A Q-divisor is defined similarly to a Weil divisor, but with coefficients in 
Q (Note that Weil divisors and Cartier divisors coincide on smooth varieties, 
which is the only situation that we consider here). The divisor class [D] is 
the homology class of D. The set of divisor classes modulo linear equivalence 
on S forms an additive group, which is homomorphic to the Picard group 
Pic(S') of line bundles on the surface (which form a group under the tensor 
product operation). For effective divisors, the divisors in the same divisor 
class as a given divisor D are said to be linearly equivalent, and form a linear 
system, denoted |ZD|. 

There is a bilinear operation • :Pic(S') xPic(S') ^ Z, which corresponds 
to the interseetion number of two divisor classes. For two distinct divisor 
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classes [-Di], [D 2 ], we can pick out one specific representative Di G |-Di|, D 2 G 
III2I from each class; the intersection number [Hi] • [H2] then just coincides 
with the geometric number of intersection points (with multiplicity) between 
the two curves Hi and H2. The self-intersection of a divisor class [H] is 
[H] • [H]. Note that the self-intersection of a curve can be negative, but 
only when the curve is rigid and cannot be deformed; otherwise a small 
deformation would give two distinct curves that would intersect at a finite 
positive number of points, (because of the complex structure, all intersec¬ 
tions between complex curves in a surface have the same orientation, and 
all contribute positively to intersection numbers.) 

For P^, the inequivalent divisor classes are those of the form n[H], where 
n G Z and [H] is the divisor class of the hyperplane in P^; the hyperplane 
[H] is just a line P^ C P^ given by a linear equation, for example as described 
by the algebraic equation z = 0 in homogeneous coordinates [x : y : z] on P^. 
The linear system \nH\ corresponds to the space of all degree-n curves on 
P2. 

The mathematical procedure of blowing up a point p on a smooth surface 
S consists of replacing the point by a copy of P^, called the exceptional curve, 
where the points on the P^ correspond to all (complex) directions in which 
lines on the original surface can pass through the original point. After a 
blow-up process, a new effective divisor class arises on the resulting blown 
up surface S', which is the class of the exceptional curve [E\. This divisor 
class has self-intersection —1; the linear system of the exceptional curve 
only contains one curve, hence it is generally just called the exceptional 
curve. There is a birational map tt : S' ^ S, which is one-to-one and onto 
everywhere except on the exceptional curve, where vr : H —> p and p is the 
point being blown up. If there is some representative curve H of a certain 
effective divisor class [H] that passes through the point p, with multiplicity 
m, then after the blow-up process, a new divisor class 

(5) [H'] = [H]-m[H] 

appears as an effective divisor class on S'. This is called the proper transform 
of H. Here we have identihed [H] on S' with 7r“^([H]). 

For a given surface S generated by blowing up consecutively r times, 
a convenient basis of Pic(S') consists of the divisor class of the hyperplane 
[H] on the original P^ and the exceptional divisors [Hi], [H2 ],..., [H^]. The 
intersection matrix on this basis is given by 

(6) [H] • [H] = 1 , [H] ■ [H,] = 0 , [Ei] • [Ej] = -d^j. 






© 


© 
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Hence the Picard rank is rk(Pic(S')) = r + 1. 

More generally, the Hodge index theorem states that for any surface 
with rk(Pic(S')) = r + 1, the signature of the intersection matrix is (l,r). 
When r > 1, there is always a basis in which the intersection product takes 
the form (l6|); for r = 1, there are surfaces where the intersection form has 
the structure of the matrix 


The canonical divisor class of is [Ks] = — 3[i7], and after r blow-ups 
is always in the form of 

r 

(8) [Ks] = -3[H] + J2m- 

i=l 

More generally, the canonical divisor class can always be taken to have this 
form in a basis with intersection form ([6]). In general, if an irreducible divisor 
class on a surface formed from r blow-ups on P^ can be decomposed into a 
sum of the hyperplane and other divisor classes as [D] = n[H] + ..., then it 
is the divisor class of some degree n curve on the original P^. 

There is a useful genus formula that follows from the adjunction formula: 


(9) [C] • ([i^s] + [t^]) = 25-2 

where g is the genus of the curve C. If g = 0, then C* is a rational curve. If 
5 = 1, then C is an elliptic curve. Note that the anticanonical divisor class 
[—is always elliptic. 

The dimension of the linear system \D\ is related to the dimension of 
the cohomology class of sheaves 0{[D]): 

(10) dim{\D\) = h^{S,0{[D]))-l 


For rational cnrves D, we have the following result from the Riemann-Roch 
theorem 38-40] 


(11) dimdUl) = {[D] ■ [D] - [Ks] ■ [D])/2 = [D] • [D] + 1. 


If dim(|Zl|) > 0, then there exists a curve D \D\ that passes through 
dim(|Zl|) general points. This implies furthermore that if [D] ■ [C] > 0 for 
another divisor class [C], then for every generic point p on C G IC*!, there 
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exists a curve D ^ \D\ that passes through it. This is the case whenever 
the class of the divisor D has non-negative self-intersection. When the class 
[D] has negative self-intersection, then dim(|Il|) < 0, which means that the 
curve in \D\ cannot be deformed. In this case, if [D] is irreducible, then it is 
really a single “fixed” curve. 

For general (arbitrary genus) curves, the value of h^{S,0{[D])) satisfies 
h^{S, 0{D)) > {[Df - [Ks] ■ [D])/2 + 10. 

In general we have the following lemma: 


Lemma 1. A negative divisor class on S is always rigid. For a non-negative 
effective divisor class D on S, there exists a representative D € \D\ that 
passes through any {[DY — [i^s] ■ [D\)/2 points in S. 

More generally, this lemma also guarantees that curves of sufficiently 
positive self-intersection can pass through points with arbitrary multiplic¬ 
ity. When {[DY — [i^s] ■ [D])/2 > 3, for example, there is a representative 
curve D that passes through any point p in S' with multiplicity 2 (which 
requires two additional conditions, corresponding to the vanishing of the two 
first derivatives at p). In general, for a curve to exist that passes through 
any point with multiplicity m, we must have {[DY — ‘ [^])/‘^ ^ m{m + 

l)/2. 

Note that the above statements are completely consistent with the intu¬ 
ition of planar geometry. For example, consider the curves of self-intersection 
(—1) on a surface formed by blowing up r times. The divisor classes 
of degree 1 rational curves with self-intersection (—1) can be written as 
[H] — [Ei] — [Ej], corresponding to the set of lines that pass through the 
pairs of points pi and pj on the original P^. There is a unique line that 
passes through two fixed points in the plane, hence the resulting (—l)-curve 
is fixed. Similarly, the divisor class of degree 2 rational curves with self¬ 
intersection (—1) can be written as 2[H] — [Ei] — [Ej] — [E^] — [Ei] — [Em], 
corresponding to the set of conics that pass through five fixed points. We 
know this divisor is also rigid, since there is a unique conic passing through 
five fixed points. If we consider, however, the divisor class of degree 1 ratio¬ 
nal curves with self-intersection 0, [H] — [Ei], these correspond to the set of 
lines that pass through a particular point pi, and are free to move. In fact, 
such lines can pass through through every point on P^. 

We have focused so far on blow-ups of P^, but the above properties of 
divisors can also be applied to the Hirzebruch surfaces (Note that Pi is the 
surface that results from blowing up a single point on P^). In the language 
of toric geometry, the irreducible toric divisors form a cyclic diagram (see 
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F 

n 


F' 


0 

0 



-n 




Soo 



Figure 1: Loop of irreducible effective curves on the Hirzebruch surface F„, 
corresponding to irreducible toric divisors associated with rays in the toric 
fan. [F] = [F'] correspond to the same divisor class, and [So] = [Soo] + nF. 
The self-intersections of each curve are labeled beside the divisor class 


Figure [T]). For the cases with odd n = 2A; — 1, the relevant divisor classes 
can be written in the basis (j6]) using the following linear combinations of 
the two generators of Pic(F2A:-i): 

( 12 ) 

[So] = k[H] -{k- l)[Fi] , [Soo] : i-k + 1)[H] + k[Ei] , [F], [F'] = [H] - [E,]. 


The canonical class is, for all k, 


(13) K = -[So] - [Soo] - 2[F] = -3[H] + [Fi] . 


The blowing-up of F2fc_i at r — 1 points has the same Picard groups 
and intersection matrices for each k, and matches with that of blown 
up at r points. Also, the canonical class is always again in the form K = 
—3[i7]-|-^[^j^[Fi]. Generally speaking, therefore, although the geometric 
intuition comes most easily from P^, the structure of divisors and intersection 
structure is essentially the same on other rational surfaces arising as blowups 
of Hirzebruch surfaces. 

For even n, we can relate any blow-up of the Hirzebruch surface F„ to 
the cases with odd n via the blow-up chains shown in Figure [2j Thus, every 
surface that results from blowing up F2fc can be generated by blowing up 
F2fc_i or F2fc+i. Hence, to enumerate all possible base surfaces with r > 1 
that support elliptic Calabi-Yau threefolds we only need to take F„ with 
odd n as starting points for the blowing up process. 
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((0,0,-1,-1,-1)) 


((l,-l,-l,-2,0)) 



Fq 




F2 


(( 11 ,- 1 ,- 1 ,- 12 , 0 )) 



Fii Fi2 


Figure 2: Blowing up Hirzebruch surfaces. For each surface F„>o, there are 
only two different ways to blow up it: blow up on the curve of negative self¬ 
intersection or blow up at a generic point. For F12, the (-12)-curve cannot 
be blown up, as the base of an elliptically fibered Calabi-Yau threefold is 
not allowed to have curves with self-intersection lower than —12 (l3 |. The 
results of blowing up are represented as the self-intersections of the (cyclic) 
sequence of toric divisors in the blown up surface. 


The set of effective divisor classes on S forms a cone, called the effective 
cone Eff(S'). The dual of the effective cone is the set of divisor classes that 
intersect non-negatively with \C\ GEff(S'); this is called the nef cone Nef(S'): 

(14) Nef(5) = {[D] € Pic(5)|V[C] € ES{S) , [D] ■ [C] > 0}. 


Elements of the nef cone are called nef divisors (classes). In general, 
an element in the effective cone need not be nef; for example, any effective 
divisor of negative self-intersection is not nef. Conversely, however (see e.g. 
Corollary II.3 in [s^), any nef divisor class on a smooth rational surface is 
effective. 

The effective cone is the primary distinguishing characteristic of different 
rational surfaces. Eor example, the Hirzebruch surfaces F„ with n odd all 
have the same intersection form as discussed above. The cone of effective 
divisors, however, is generated by [Soo] and [F], and is different for each re. 

Our primary tool in this paper for studying base surfaces S will be the 
combinatorial structure of the effective cone. The following result, which is 
Proposition 1.1 in will be useful 


Lemma 2. For surfaces generated by blowing up F„ (re < 12), which have 
Picard rank greater than 2, when the effective cone is polyhedral (i.e. gener¬ 
ated by a finite set of vectors), then the effective cone is generated by rational 
divisor classes with negative self-intersection. 
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For the Hirzebruch surfaces, of Picard rank 2, it follows directly from 
the explicit description above that the effective cone is generated by rational 
divisor classes with non-positive self-intersection {i.e., [S'cxd], [F], where [F] ■ 
[F] = 0, [5oo] • [S'oo] = —m for F^)- After one blow-up, Lemma [2] applies. 
Blowing up Fm {m odd), an effective class [F] — [E 2 ] = [H] — [Fi] — [F2] 
with (—1) self-intersection always appears. Then the effective class with 
0 self-intersection can be written as a non-negative linear combination of 
[F[] — [Fi] — [F2] and exceptional divisors. This property generally holds for 
surfaces with higher Picard rank. 

We discuss these statements further in section 4. 

Note that curves of negative self-intersection on a base surface that sup¬ 
ports an elliptic Calabi-Yau must always be rational. From Q, an irreducible 
curve of negative self-intersection with g > 1 satisfies —K ■ C < C ■ C < 0. 
From this it follows that —nK contains C at least n times. This means that 
/, g must vanish to at least orders 4,6 over C so we cannot have such a curve 
in a base that supports an elliptic Calabi-Yau threefold. 

To close this section, we introduce some terminology that we will use 
frequently in the remainder of the paper. 

• In general we will not distinguish between “divisor class”, “divisor” 
and “curves”. Thus, for example, the divisor class [D] is generally 
written as D. When we talk about “n-curves”, this refers to a divisor 
class with self-intersection n. We often use the term “negative curve” 
to refer to a curve of negative self-intersection. 

• Following Lemma[2]and the subsequent discussion, the negative curves 
that appear in the surfaces in which we are interested in are always 
rational. Furthermore, in the cases where Lemma [2] applies, we define 
Neg(5') as the set of irreducible negative rational curves that generate 
Eff(S'). A general requirement for Neg(S') is: 

For (7, F G Neg(S'), if (7 # F, then C ■ D > 0. This is just the state¬ 
ment that two different irreducible curves cannot intersect each other 
negatively. 

• We further define the set of irreducible rational curves C with self 
intersection number less than -1 to be Sing(S'). These include the non- 
Higgsable clusters described in Table El as well as configurations of 
(—2)-curves whose intersection matrices are exactly the Cartan matri¬ 
ces for ADE Lie algebras. 

• When discussing toric bases, we indicate the cycle of self-intersection 
numbers by e.g. ((n, 0, —n, 0)). 
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• We will use the vector representation (oq, oi, • • •, flr) for the divisor 
class D = aoH + Yli=i^rEr- This applies to surfaces that arise from 
blowing up any F2fc_i any number of times. 


We define the set of genus g, self-intersection A: > 0 divisors C that 
intersect non-negatively with every curve D G Neg(S') by <tg^k>o{S) C 
Nef(S'). They are all effective curves, as we mentioned before. All such 
curves can be described as integer vectors as described in the previous 
point. 

Finally we define £^(5') = |J ^g,k{S). 


Using the terminology in [421. l43l| . for two surfaces S and R, if there is 


a bijection between Neg(5) and Neg(i?) that preserves the intersection 
structure then Eff(5) and Eff(i?) are isomorphic, and we say that S 
and R are “of the same type”. This equivalence relation is weaker 
than isomorphism, as demonstrated in [43j]. Nevertheless, two surfaces 
of the same type give the same minimal gauge algebra. The blow-up 
descendants of two surfaces of the same type may be different, as will 
be discussed in section 5. 


• We always denote the one-time blow-up of the surface S by S' 


3. The general strategy and some simple examples 

Given the basic background and definitions from the previous section, we 
can now outline the strategy we will use for constructing bases. The idea is to 
keep track only of the combinatorial information associated with the gener¬ 
ators of the effective cone. While this loses some information - in particular 
it does not distinguish surfaces of the same type that are not isomorphic - 
it gives us a simple combinatorial handle on a large class of surfaces. 

Assume that we are given the information about the generators of the 
effective cone for a given surface S. According to Lemma[2l this will generally 
be a finite set of curves of negative self-intersection. We can then attempt 
to construct all blow-ups of S by considering all combinatorial possibilities 
consistent with the geometric structure of the effective cone. In many cases 
this is straightforward. The point p that is blown up can either lie on one 
of the negative curves that is a generator of the effective cone, or on an 
intersection of such negative curves, or on a more general point. Lemma [T] 
can be used to determine which curves on the surface can pass through 
the point p, and this information in principle can be used to determine the 
structure of the effective cone for the blown up surface S'. 
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While this approach works in many situations in an unambiguous fash¬ 
ion, there are various situations in which complications arise. Such com¬ 
plications can include the appearance of an infinite number of generators 
for the effective cone, or a situation as mentioned above where there are 
non-isomorphic surfaces of the same type. We discuss these issues in more 
detail later in the paper. Here we give a few examples of how the combina¬ 
torial data describes the effective cone and blow-ups in some simple cases 
where there are no complications. These examples serve as illustrations of 
the general ideas described in the previous section, and clarify the nature 
of the computational problem in generalizing the construction to arbitrary 
surfaces. 

Let us begin with the base 5 = P^. The intersection form on this base is 
positive definite, with generator H having H ■ H = 1. The divisor class of H, 
corresponding to a line on P^, is a generator of the effective cone. From ([3l 
HD, it is straightforward to determine that the Hodge numbers of the generic 
elliptic fibration over P^ are (2, 272), since R = T = V = Hcharged = 0. 

Now consider a single blow-up of P^ at a generic point p. There is a line 
on P^ that passes through any point p (a trivial application of Lemma [T]). 
Thus, the generators of the effective cone for the new surface S' are 


(15) 


W(o) : 

[H](_i) : (0,1) 


where the subscript on the divisor class denotes the self-intersection of that 
curve. This is, of course, the Hirzebruch surface Fi as described above, also 
known as the del Pezzo surface dPi] in general, the del Pezzo surface dPr is 
constructed by blowing up P^ at r independent points. The base Pi has a 
toric description, with a cyclic set of toric divisors having self-intersections 
((-|-1,0, —1, 0)). The generic elliptic fibration over this base has Hodge num¬ 
bers (3,243), since T = 1. 

Now, we consider possible blow-ups of the surface S' = Pi. There are only 
two distinct types of blow-up, from the point of view of the combinatorics 
of the effective cone. We can blow up at a point on the curve E = (0,1), or 
we can blow up at a generic point. These two types of blow-ups result in the 
following surfaces: 
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Blowing np Fi at a generic point p 2 that is not on the —1 curve E gives 
a new effective cone generated by three —1 curves 


(16) 

[Ai2](-i) : 


(17) 


(0,1,0) 

(18) 

[E2]{-1) ■■ 

(0,0,1) 


This surface is also known as dP 2 - Note that the line L in Fi has self- 
intersection 0, so by Lemma [T] will pass through any point, including the 
point p 2 ] this guarantees the existence of the —1 curve L 12 , which corre¬ 
sponds in the original to the line passing through the two points pi,P 2 
that are blown up to get this surface. 

Blowing up Fi at a point q on the —1 curve E gives a new effective cone 
generated by two —1 curves and a —2 curve 


(19) 



(20) 


(o,i,-i) 

(21) 

[A’2 ](-i) : 

(0,0,1) 


The fact that the line L on Fi is in a linear system of dimension 1, and can 
be chosen to pass through q, follows again from Lemma [TJ We refer to the 
resulting surface as S 2 . 

Note that the two distinct blow-ups of Fi to dP 2 and S 2 correspond to 
the two branches above Fi in Figure [2j Each of these two surfaces has a 
toric description. The fact that in each of these cases the set of generators of 
the effective cone consists completely of curves of negative self intersection 
is a consequence of Lemma El Both of these surfaces support generic elliptic 
Calabi-Yau threefolds with Hodge numbers (4,214). 

We can continue in this fashion. There are four combinatorially distinct 
ways to blow up the surface dP 2 -, corresponding to blow-ups on Ei, L 12 , n 
Li 2 , and a generic point. 

Blowing up dP 2 at a generic point gives dP^. The effective cone for dP^ 
has six generators, corresponding to the 3 exceptional divisors Ei, £" 2 , E 3 and 
the 3 lines L 12 = (1, -1, -1, 0), L 23 = (1,0, -1, -1), L 13 = (1, -1,0, -1). This 
illustrates one of the main challenges of doing this combinatorial blow-up 
construction systematically: it is necessary at each step to identify all pos¬ 
sible new curves of negative self-intersection that can be produced at each 
stage of the blow-up process. Addressing this challenge is the primary goal 
of the following section. 
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Figure 3: The illustration of some of the blow up process discussed in this 
section, starting from Fi. 


Three of the four ways in which dP 2 can be blown up have a toric descrip¬ 
tion; blowing up at Ei,Ei D L12, and a generic point respectively give toric 
bases with a cyclic set of effective toric divisors having self-intersections 
((0, -1, -1, -2, -1, -1)), ((0,0, -2, -1, -2, -1)), and ((-1, -1, -1, -1, -1, - 
(The last of these is dP^). The final possibility, blowing up at a point in L12 
gives a non-toric base with the following generators for the effective cone 


(22) 

[L]-2 : 

(1,-1,-1,-1) 

(23) 

[El]: 

(0,1,0,0) 

(24) 

[E 2 ]: 

(0,0,1,0) 

(25) 

[E 3 ]: 

(0,0,0,1) 


Similarly, there are 6 combinatorially distinct ways of blowing up the 
surface S2; 5 of these correspond to toric constructions, and the sixth, asso¬ 
ciated with blowing up on the —1 curve E 2 , gives another non-toric base. 
Of the toric bases, two involve blowing up a point on the —2 curve, giving a 
—3 curve. While the other bases support elliptic Calabi-Yau threefolds with 
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Hodge numbers (5,185), the two with —3 curves support elliptic Calabi- 
Yau threefolds with Hodge numbers (7,193), since there is a non-Higgsable 
cluster with R = 2,V = 8. 

Continuing in this fashion, we can construct a wide range of types of 
complex surfaces that support elliptic Calabi-Yau threefolds. At each stage 
it is necessary to determine the complete set of curves of negative self¬ 
intersection that generate the effective cone. Dealing with this computation 
is the subject of the next section. 

4. Identifying new cnrves after a blow-up 

In this section we describe the different types of points that can be blown up 
in passing from one surface S to another S'. We then describe an algorithm 
to compute all —1 curves that generate the effective cone in hnite time. 

4.1. Types of blowups 

As mentioned before, when we blow up a point that lies with multiplicity 
m on a representative of an effective divisor class C and self-intersection 
k, there is a new effective divisor class C' = (C, —m), written in the vector 
representation. Using the Riemann-Roch formula Q, the following lemma 
holds: 

Lemma 3. If one blows up a curve C G ^g^k{S) at an m-point on S, the 
resulting new effective curve on S' is: C' = (C, —m) G -m)/ 2 ,k-m‘^{S')■ 

This implies that blowing up a single point on a curve will not change 
its (arithmetic) genus, but blowing up an m-point on a curve will decrease 
the genus of the curve by {m? — m)/2. 

Then given a base 5, the different ways of blowing it up can be classified 
as follows: 

(1) One can blow up a generic point p on S. Then all the elements C G 
Neg(5) are transformed to C' = (C, 0), because they are fixed and they will 
not pass through a generic point p. The exceptional curve i?' = (0,..., 0, -|-1) 
is an element in Neg(5") that is a generator of the new effective cone. In order 
to construct the full Neg(£") that generates Eff(5'), we also need to blow up 
all the elements C G (fo,o a-t a single point, blow up all the elements C G 
at a double point, blow up all the elements C G £ 3^3 at a triple point, and 
so on... This process can always be done in principle due to Lemma [TJ In 
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the next subsection we describe how this can be realized in practice with a 
finite amount of computation. 

As a consistency requirement, the resulting rational curves after the blow 
up should intersect non-negatively with each other. This is equivalent to the 
following statement: 

For A G B G ^{n^-n)/ 2 ,n^-i{S) that are blown up in 

this process, A ■ B > mn {m, n > 0). 

(2) One can choose to blow up a non-generic point, so that a set of 
curves G i2io,fc<o are blown up at a single point. The index i here just 
labels different curves with same genus. In the simplest cases, the point 
blown up lies only on a single rational curve C of negative self-intersection, 
in which case the transformed curve is C = (C, —1). The point blown up 
may also lie at an intersection point between a pair of negative curves C, D, 
in which case both curves are transformed and C ■ D' = 0. 

(3) There are also situations where a set of curves Ci^i G Cii,fc <3 are blown 
up at a double point, 6 * 2,1 G ^ 3 ,fe <8 are blown at a triple point, and so on. 
This will produce new negative rational curves of self-intersection < — 1 that 
must be included in Neg(S") We define the blow-up process to be a “special 
blow-up” when one or more (-2) or lower curves are generated by blowing 
up positive curves at points with multiplicity higher than 1. 

(4) In some cases it may be possible to choose a non-generic point as in 
(2) that lies at the intersection of more than two negative curves. 

Cases (1) and (2) can be handled in a systematic fashion using the 
combinatorial data of the effective cone. Case (3) may or may not give us 
new bases. In the specific regimes that are thoroughly studied in this paper, 
special blow-ups are observed not to occur. Case (4) is discussed further in 
section E and also does not occur in the regimes that we study explicitly. 

Just as for blowups producing —1 curves, we require that for intersect¬ 
ing curves C(^rn^—m)l2,i ^ —m)f2,k<m^ — li n)/ 2 ,j ^ ^{n^—n)/ 2 ,fc<n^ — 1 ) 

that are blown up at points of multiplicity m, n respectively, we must have 
C(m?-m)l 2 ,i ‘ C'(n 2 -n)/ 2 ,j > Otherwise after the blow up, Neg(S'') will 
contain two different elements that intersect each other negatively. 

4.2. Generating the set of ( —l)-curves on S' 

From the analysis above, all the curves in the set Sing(S") can be generated 
by blowing up non-generic points. However, there is also in general a new set 
of (-l)-curves in Neg(S'^), and it is not clear whether the algorithm generating 
(-l)-curves described above is finite or not. In principle we need to look at 
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all the sets but this is impossible to do. Now we prove a 

powerful proposition, which contains the methodology to generate all the 
(—l)-curves with a finite amount of work: 


Proposition 1. The set Co,-i(*S'0 of rational (-1 )-curves C = {a,bi,b 2 , ■ ■ ■, br 
Neg(S'') generated by the blow up method is the solution set to the following 
Diophantine equations: 


r 



(26) 

3a + bi = 1 


with the additional requirement that the curve intersects non-negatively with 
all the elements in Sing{S'). 


Actually the two equations are nothing but the defining equations of 
self-intersection and genus. 


Proof. We prove this by induction. First one can check the correctness of 
this statement for and F„. Then suppose this is true for a base S; we 
want to show this is also true for any surface S' that is generated by blowing 
up S once. 

(i) All the curves C € £o,-i(5'') satisfy the requirements in the proposition. 

Obviously they satisfy the Diophantine equations. If C negatively inter¬ 
sects with D' G Sing(5'), this means C = D' + F' where F' is some other 
effective divisor, hence C is reducible and is not in Neg(5'). 

(ii) All the irreducible rational (-l)-curves C that satisfy the non-negative 

intersection requirement in the proposition are elements of and 

can be generated by the blow-up process. We analyze the different types of 
solution to (l26]) separately. 

(a) This is obviously true for the solution (0,..., 0,1) since it is the 

exceptional curve E' G associated with the blowup S —)> 5", and 

none of the other curves has a positive last entry. 

(b) For all the solutions of the form C' = (C, 0), where we know that 
C intersects non-negatively with all the elements in Sing(S'), it follows by 
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induction that C G Co^-i(S). From the general characterization of the blow¬ 
up process described earlier, C = (C, 0) is still in Eff(5), but it may be rep¬ 
resented as a positive linear combination of a lower self-intersection effec¬ 
tive curve and the exceptional curve: C = {C,—m) -|-m(0,1). When this 
happens, however, it means that C intersects negatively with [C, —m) G 
Sing(S'), which contradicts the requirement in the proposition. Hence C = 
(C, 0) is irreducible when it satishes the requirement in proposition, and it 
is in £o,-i(5'0- 

(c) For all the solutions of the form C = (C, —m), m > 0, C is a genus 
{vn? — m) /2, self intersection — 1 divisor. In fact the solution to the equa¬ 
tions (|26p automatic ally intersects non-negatively with any other solutions 
(see Theorem 2a in [4^). Together with the assumption that C intersects 
non-negatively with all the elements in Sing(S"), we can conclude that C 
intersects non-negatively with any other curve in Neg(S"). From this we can 
also know that C is nef hence is effective on S. Then according to Lemmadl 
C G (S) can be blown up at a generic point with multiplicity 

m. These statements together guarantee that C is an irreducible curve on 
S'. Hence any solution of the form C' = (C, —m), m > 0 that satisfies the 
requirement in the proposition is in Neg(S''). □ 


Actually, it is known that Proposition 1 holds for generalized del Pezzo 
surfaces 


43 , l43|. We just needed to confirm that it holds for the bases that 


we are interested in. 

Now the question is how to generate the solutions to the Diophantine 
equations using a finite algorithm. In fact, all the solutions can be generated 
by a series of “^-operations” acting on curves, which are defined as follows 


For a curve in the form {a,bi,b 2 , ■ ■ ■ ,br), one picks three numbers ii, ^ 2 , *3 
out of {1,..., r}, then performs the following transformation: 

(27) 

a —y a d , bi^ —y b^-^ — d , bi^ —y bi^ — d , bi^ —y bi^ — d , d = a bi^ b^^ bi^ 


It can be explicitly checked that the two quantities — Yli=i 3a -|- 

bi do not change under this transformation. In fact, this operation is 
the Cremona transformation with center Pii,Pi 2 ,Pi 3 - 

In practice, one starts from some low-degree curves, such as all the degree 
0 and degree 1 rational (-l)-curves. Then one tries to perform all the q- 
operations on one curve so that the degree is increased (d > 0 in (l?7li ). If 
the curve intersects negatively with some element in Sing(S'), then we cut 
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this branch. This recursive algorithm is finite if Eff(S') is finitely generated. 
We discuss more about the finiteness of curves in section 6. 

There are some cases, however, where a high degree (-l)-curve exists but 
there are no valid degree 1 curves. If this happens, the set of (-l)-curves we 
get from the recursive algorithm above is not complete. This is equivalent to 
the statement that there is another (-1) curve that intersects non-negatively 
with all the curves we have found, but it is not in the solution set generated 
by carrying out the algorithm up to a fixed degree d. Such an additional curve 
would appear to be a negative curve in the nef cone, which is impossible. 
While the full set of (-l)-curves would in principle be produced by keeping all 
intermediate branches and continuing the algorithm to arbitrary d, without 
some further check on the completeness of the set of generators for the 
effective cone we would not have a means of terminating the algorithm. So 
for a consistency check we compute the dual cone of Neg(S') generated by 
the method above, and check that the generators (extremal rays) of this 
dual cone are non-negative. If a generator is negative, we know it is a (-1)- 
curve in Neg(S') that was not generated by the ^-process. After adding all 
the (-l)-curves of this kind, we can get a complete set of curves in Neg(S'), 
with a dual cone that contains no negative curves. 

Another more complicated issue is the “special blow-up” that was defined 
earlier, where one blows up a non-generic point on a curve with genus higher 
than I to get an element in Sing(S"). This also appears to make the algo¬ 
rithm infinite, since in principle we need to examine the set of all positive 
curves. This issue appears to be difficult to handle in a completely general 
context, and we will discuss this issue in specific regimes. 


5. Working example: (generalized) del Pezzo surfaces 


As a simple set of examples we now consider the class of surfaces called del 
Pezzo surfaces and generalized del Pezzo surfaces. The definition and basic 
properties of these objects can be found in 42l |. 

A generalized del Pezzo surface is a non-singular projective surface whose 
anticanonical class —K satisfies K ■ K > 0 and —K ■ D > 0 for all effective 
divisors D on the surface. 

Any generalized del Pezzo surface is isomorphic to P^, x P^, F 2 , or the 
blow up of P^ in r < 8 points in almost general position. The degree of the 
generalized del Pezzo surface is given by 9 — r. The phrase “almost general 
position” means that the surface does not contain curves of self-intersection 
—3 or below, which implies that it does not contain any NHCs and there is 
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no minimal gauge content in the corresponding low-energy 6D snpergravity 
theory. 

If a generalized del Pezzo surface does not contain any (-2)-curves, then 
it is just an ordinary del Pezzo surface, which is P^, x P^, or the blow up 
of P2 in r < 8 points in general position. By general position, one requires 
that no three points in pi,... lie on a line, no six points lie on a conic 
and no eight points lie on a cubic with one of them a double point on that 
curve. This is equivalent to the statement that none of the points pi,... ,pr 
being blown up is a point on a (-l)-curve or a double point on a 2-curve, 
which would result in (-2)-cnrves. We define the del Pezzo surface dPr to 
be the surface that comes from blowing up r points on P^. This surface is 
also called BhP^ or dPg-r in different texts. Del Pezzo surfaces are the only 
examples of 2D Fano varieties, which are surfaces with ample anti-canonical 
class. An ample divisor is a positive divisor that intersects positively with 
any irreducible curve on the surface, from the Nakai-Moishezon criterion. 

Generalized del Pezzo surfaces are the only almost Fano varieties among 
complex surfaces, where the anti-canonical class can have vanishing but not 
negative intersection with irreducible curves. 

In this section we focus on the structure of ordinary del Pezzo surfaces; 
we return to a more detailed discnssion of generalized del Pezzo surfaces in 
^ The set Neg(5') for the ordinary del Pezzo surfaces dPr is well understood; 


see 


45l | for example. This corresponds for each r to the solution set to the 
Diophantine equations (|26p . without imposing any further constraints. 

When r = 8, the recursive algorithm using ^-operations is finite, and 
gives only the following types of solutions: 


( 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) 

( 1 ,- 1 ,- 1 , 0 , 0 , 0 , 0 , 0 , 0 ) 

(2,-l,-l,-l,-l,-l,0,0,0) 

(28) (3,-2,-1,-1,-1,-1,-1,-1,0) 

(4,-2,-2,-2,-1,-1,-1,-1,-1) 
(5,-2,-2,-2,-2,-2,-2,-1,-1) 
(6 ,-3,-2,-2,-2,-2,-2,-2,-2) 


up to permutations on the entries ai,...,aj.. For smaller r, the possible 
solutions are the truncations of these vectors by deleting some “0” entries. 
For r > 9, the recursive algorithm is infinite, as there are an infinite number 
of types of solutions on dPg. We list the number of (-l)-curves on del Pezzo 
surfaces with each value of r < 9 in Table [3j Note that when the 9th point 
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r 

1 

2 

3 

4 

5 

6 

7 

8 

9 

|Neg(dP#| 

1 

3 

6 

10 

16 

27 

56 

240 

oo 


Table 3: The number of (-l)-curves on each of the del Pezzo surface dPr- There 
are no curves of lower self-intersection on dPr, hence these numbers are equal to 
|Neg(c?Pr)|- We generalize the notation of dPr to include r = 9, representing the 
surface that arises from blowing up 9 general points on P^. 


blown up is chosen so that it lies at the intersection of two cubics that 
pass through the first 8 points, we get a special class of surface known as 
a rational elliptic surface. In these cases, dPg can act as a good base for a 
CY threefold, though the effective cone is not hnitely generated. We discuss 
some aspects of this in the following sections. When the 9th point blown up 
is not the special common point to the cubics passing through the first 8, 
then —K = (3, —1,..., —1) corresponds to a rigid irreducible genus 0 curve. 

It follows that for an F-theory construction f,g would vanish to orders 4,6 
on this curve so this could not be a good F-theory background. For the 
same reason, a good base cannot be formed after more than nine blow-ups 
without any non-Higgsable clusters. 

It is an instructive exercise to generate the negative curves by the method¬ 
ology of blow-ups described in the last section, with ordinary del Pezzo sur¬ 
faces as example. At each step we explicitly describe the set of curves whose 
blow-ups give new —1 curves. Suppose we start from dP 2 , with 

(29) 

Neg(dP2) = {(0,1,0), (0,0,1), (1, -1, -1)}, e:o,o(dP2) = {(1, -1,0), (1,0, -1)}, 

^l,3{dP2) = ^3,s{dP2) = ■ ■ ■ = 0 . 

To get dP^, we blow up a generic point of dP 2 . Then the generators of the 
effective cone for dP^ are of the following three types: the exceptional curve 
E] {C,0) with C G Neg((iP 2 ), and {D,—l) with D G Co,o- Together these 
give: 

(30) 

Neg(dP3) = {(0,1,0,0), (0,0,1,0), (1,-1,-1,0), (1,-1,0,-1), (1,0,-1,-1), 
( 0 , 0 , 0 ,!)}. 
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€o,o{dP3) = {( 1 , - 1 , 0 , 0 ), ( 1 , 0 , - 1 , 0 ), ( 1 , 0 , 0 , - 1 )}, 

<tl,3{dP3) = <t3,8{dP3) = ---=0, 

we can similarly generate all the elements in Neg((iP 4 ): 

Neg(dP4) = {(0,1,0,0,0), (0,0,1,0, 0), (0,0,0,1, 0), (1, -1, -1,0,0), 

(32) (1,-1,0,-1,0), (1,0,-1,-1,0), (1,-1,0,0,-1), 

( 1 , 0 ,- 1 , 0 ,- 1 ), ( 1 , 0 , 0 ,- 1 ,- 1 ), ( 0 , 0 , 0 , 0 , 1 )}. 


Furthermore 

(33) 

e:o,o(dA) = {(1,-1,0,0,0), (1,0,-1,0,0), (1,0,0,-1,0), (1,0,0,0,-1), 

(2, -1, -1, -1, -1)}, Ci,3(dP4) = ^3,8{dPi) = • • • = 0, 

The number of (-l)-curves on dP^ hence is the number of (-l)-curves 
on dP 4 ^ plus the number of elements in £o,o('^.P 4 ) plus 1, which is 16. This 
set perfectly reproduces the list of (-l)-curves that come from solving the 
Diophantine equation. 

(tofi{dP 3 ) consists of curves of the form H — Ei{l < i < 5) and 2H — 
Ei — Ej — Ek — Ei{l < i < j < k < I < 5). Hence there are in total 10 curves 
in this set. 

The number of (-l)-curves on dP^ hence is 16 + 10 + 1 = 27, which 
exactly corresponds to the 27 lines on cubic surface. 

Actually, dP^ is the first case with a non-empty there is exactly one 
element in this set: (3, —1, —1, —1, —1, —1, —1), and the number in <iiQfl{dP^) 
is 27. Hence the number of (-l)-curves in dP^ is the number of curves in 
€ofi{dPQ) pins the number of (-1) curves on dPe plus 1 in €i^ 3 {dPQ) plus the 
exceptional cnrve, which is 27 + 27 -|- 1 -|- 1 = 56. 

dPj is the first case with non-empty there is exactly one element 
in this set: 

(6,-2,-2,-2,-2,-2,-2,-2). 

The number of (-1) curves on dPg is given by 

(34) 

|Neg(dP8)| = |Neg(dP7)| + |^o,o(di^7)| + l^i,3(di^7)| + \^3,8{dPj)\ + 1 

= 56 -7 126 -7 56 -7 1 -7 1 = 240 
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Figure 4: Two geometric configurations with the same intersection structure 
and vector representations of curves, but which can be blown up to give 
surfaces with distinct intersection structure 

6. Geometric obstructions 

As mentioned in section 2, there is a subtlety that arises in some situations, 
where the data on the intersection matrix of curves on S does not completely 
determine the possible ways to blow up the surface. 

Suppose we have 3 negative curves that each intersect one another pair¬ 
wise. Then, for example, we cannot distinguish the two cases depicted in 
Figure [J] given only the vector representations of the curves and their cor¬ 
responding intersection matrix. In one case there are three (-l)-curves that 
all intersect at a single common point, and in the other case there are three 
distinct intersection points where each pair of curves intersect. But the blow 
up procedures for these two configurations are different. The case in which 
three negative curves intersect at a single point can in many situations be 
regarded as a special point in the moduli space of the surface {e.g. dPe) 
defined by Eff(S). In principle, this piece of information needs to be added 
along with the vector representation of the curves in Eff(iS') in order to fully 
specify the base, and this characterization of bases is finer than the notion 
that the surfaces are “of the same type”. In most situations in which config¬ 
urations of this type occur, one can choose whether the case on the left or 
the case on the right in Figure 0] describes the geometry. In other cases of 
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curve 

point 

a 

b 

c 

d 

e 

f 

g 

h 

i 

A 

1 

-1 

-1 

-1 

0 

0 

0 

0 

0 

0 

B 

1 

0 

0 

0 

-1 

-1 

-1 

0 

0 

0 

C 

1 

0 

0 

0 

0 

0 

0 

-1 

-1 

-1 

D 

1 

-1 

0 

0 

-1 

0 

0 

-1 

0 

0 

E 

1 

0 

-1 

0 

0 

-1 

0 

0 

-1 

0 

F 

1 

0 

0 

-1 

0 

0 

-1 

0 

0 

-1 

G 

1 

-1 

0 

0 

0 

0 

-1 

0 

-1 

0 

H 

1 

0 

-1 

0 

-1 

0 

0 

0 

0 

-1 

I 

1 

0 

0 

-1 

0 

-1 

0 

-1 

0 

0 


Table 4: A configuration of Sing(5'), with 9 (—2)-curves that forms 3 groups of 3 
curves that intersect each other 



Figure 5: The geometry of the blow-up points a,b,c,d,e,f of the con¬ 

figuration in Table 01 


this type, however, it can occur that only one of the geometric possibilities 
can actually be realized. Distinguishing which of the possibilities is geomet¬ 
rically allowed seems in general to be a difficult problem. For the explicit 
classes of bases that we enumerate later in this paper, this kind of situation 
does not arise. But for a completely general analysis of bases giving elliptic 
Calabi-Yau threefolds with arbitrary Hodge numbers, a systematic method¬ 
ology is needed for dealing with configurations with these kinds of issues. 
We give some simple examples here to illustrate the kinds of problems that 
can arise. 

One particular situation of this type that can arise involves combina¬ 
tions of three negative curves that have to intersect at a single point. For 
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curve 

point 

a 

b 

c 

d 

e 

f 

g 

h 

A 

1 

-1 

-1 

-1 

0 

0 

0 

0 

0 

B 

1 

0 

0 

0 

-1 

-1 

-1 

0 

0 

C 

1 

-1 

0 

0 

-1 

0 

0 

-1 

0 

D 

1 

0 

0 

-1 

0 

-1 

0 

-1 

0 

E 

1 

0 

-1 

0 

0 

0 

-1 

-1 

0 

F 

1 

0 

-1 

0 

0 

-1 

0 

0 

-1 

G 

1 

-1 

0 

0 

0 

0 

-1 

0 

-1 

H 

1 

0 

0 

-1 

-1 

0 

0 

0 

-1 


Table 5: A configuration of Sing(5'), with 8 (—2)-curves 


example, consider the configuration of Sing(S'), with r = 9, in Tabled! the 
corresponding geometrical picture is drawn in Figure [5l Note that in the 
last blow-up at point i, lines gh, cf and bd are guaranteed to intersect at a 
single point, by Pappus’s theorem. 

This phenomenon is a special case of the more general Cayley-Bacharach 
theorem (for a complete overview of this subject, see H). Theorem CB4 in 
[i^ says that if 2 curves A and B of degree d and e intersect at d • e distinct 
points T = {pi,... ,Pde}, and another curve C of degree / < d + e — 3 passes 
through d • e — 1 points in T, then C passes through all points in T. 

The Charles theorem corresponds to the case d = e = / = 3, which in 
general states that if two cubic curves intersect at 9 points, then another 
cubic curve that passes through 8 of these 9 points must pass through the 
ninth point. Pappus’s theorem corresponds to the degenerate case where 
these three cubic curves are linear combinations of 3 lines respectively: A + 
B + C,D + E + F and G + 77 + I as in Tabled) Note that the more general 
case of Charles’s theorem is operational in the construction of a rational 
elliptic surface, where after blowing up eight general points on P^, the ninth 
point blown up is the common point to a pencil (one-parameter family) of 
cubics that pass through the first eight points. 

On the other hand, sometimes it is impossible for three negative curves 
to intersect at a single point. Consider the configuration with r = 8 in Table 
dl We draw the first 7 blow up points on a plane in Figure [6| We then blow 
up the point g with the intersection properties described in Table El This 
requires that ad, ce and bf all intersect at a single point. From the combi¬ 
natorics of the effective cone, it seems possible to blow up an eighth point h 
to get curves F, G, H with the intersection properties described in Table El 
In this situation, however, there is requirement that af, be and cd intersect 
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Figure 6: The geometric picture of blowing-up a,b,c,d,ej,g of the configu¬ 
ration in Table EJ 


at a single point, which is geometrically impossible. Hence the configuration 
in Table [5] is not allowed. Thus, the structure of the combinatorics of the 
effective cone is in general insufficient to guarantee that a set of three curves 
either can or cannot all intersect at a single point. 

For a complete analysis of all bases, we would need a systematic way to 
distinguish between the following three possibilities in any given situation: 

(1) Three negative curves A,B,C must all intersect at a single point. 

(2) Three negative curves A, B, C cannot all intersect at a single point. 

(3) Three negative curves A,B,C may or may not intersect at a single 
point. 

It seems possible that a systematic analysis using the generalized Caylay- 
Bacharach theorem can give a clear general answer in these situations, but 
we leave this to future studies. 

One interesting aspect of these geometric issues is the question of how 
the allowed combinatorial structures for the effective cone can be understood 
from the point of view of the low-energy 6D supergravity theory. We return 
to this issue in the final section. 

7. Finiteness of curves 

Another difficulty that can arise in the complete classification of bases is 
the appearance of bases in which the cone of effective curves Eff(5') has an 
infinite number of generators. In our classification program, in particular, 
the finite generation property of Eff(5') is a prerequisite in Lemma [2j The 
finiteness of (-l)-curves on any given surface is, however, considered to be an 
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open problem. A nice partial result in this direction is the theorem proved 


m , which states that any surface with big anticanonical class has finitely 
generated Cox ring, which implies the finite generation of Eff(5) and finite¬ 
ness of (-l)-curves (for more information about Cox ring and finiteness see 
(5|1. In the context of rational surfaces with effective anticanonical class, 
the phrase “big” in this context actually implies that one of the following 
conditions holds: 

(1) r < 8 

(2) -Ks = A + B, where A = H - Ei and B = 2H - Ei 

are two effective curves in Eff(S), and either a6 = 0ori + |>l. Here the 
the two sets of indices satisfy S’aU'S’b = {I#!-- - where “|J” means 
disjoint union. 

(3) -Ks = A + B + C, where A = H- B = H - 

and A = 77 - Y.i&Sc Ei are three effective curves in Eff(5), and either abc = 
0ori + ^ + i>l. Here the three sets of indices satisfy S'yi |J 5 b |J 5*0 = 
{1,2,...,r}. 

From the perspective of our recursive algorithm of finding all the (-1)- 
curves, these conditions can be understood in the following way: 

If the condition (1) holds, then on average the entries bi in the q- 
operation increase by ^ | after a q-operation, which increases the degree 

of the curve by one. If one applies the g-operation sufficiently many times, 
then the sum of the negative of any three entries bi will exceed a, and then 
there is no g-operation increasing the degree of curve. The sufficiency of the 
conditions (2) and (3) for guaranteeing a finitely generated effective cone can 
be argued in a similar way. For case (2) the way to perform a g-operation 
while preserving the intersection number with A and B is to choose # G Sa, 
*2 #3 £ 5b. Then on average the entries bi(i G Sa) increase by and the 
entries bi{i G 5b) increase by |. Because ^ + | > 1, the set of (/-operations 
that increase the degree of the curve will not last forever. For case (3), the 
way to perform a g'-operation while preserving the intersection number with 
A, B and C is to choose # G 5 a, *2 G 5b, fs G Sc- On average the entries 
bi{i G Sa) increase by the entries bi{i G 5b) increase by and the entries 
bi{i G Sc) increase by -. The possibility of having an arbitrarily high degree 
curve is also excluded by the condition ^ ^ ^ > 1- 

Although most bases that we are interested in for F-theory constructions 
have finitely generated effective cones, one can also construct surfaces with 
an infinite number of (-l)-curves, which may nonetheless be good bases for 
F-theory compactihcation. For example, we mention above the case of a 
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rational elliptic surface. An explicit example is an r = 9 base S with 

Sing(5) = {(1,-1,-1,-1,0,0,0,0,0,0),(1,0,0,0,-1,-1,-1,0,0,0), 

(35) (1,0,0,0,0,0,0,-1,-1,-!)} . 

This is a generalized del Pezzo surface with three -2 curves. This surface 
clearly satisfies the condition that —K is in the effective cone, but also 
admits an infinite number of (—l)-curves on the boundary of the effective 
cone. We can prove this as follows: suppose we pick an exceptional curve 
Co = (0,1, 0,0, 0,0, 0,0,0,0). Then at step 1 we perform the g-operation 
with entries 61 , 64 , 67 . At step 2 we perform the g-operation with entries 
^ 2 ) 65568 - At step 3 we perform q-operation with entries 63 , 60 , 69 , and we 
infinitely repeat these three steps. The intersection product with the three 
curves in Sing(S') is invariant during this process. The degree of the curve 
at step 2n — 1 can be explicitly computed, and is equal to n^. This means 
that the process will give arbitrarily high degree curves, hence the number 
of (-l)-curves is infinite. 

Bases with an infinite number of generators for the effective cone are 
difficult to incorporate into the kind of analysis we are doing here. We can¬ 
not compute the dual cone of Neg(£'), nor study the blow up of the surface 
in an efficient way. It would be possible in practice to avoid this problem by 
stopping when the number of curves produced by the algorithm exceeds a 
certain number, assuming that in this case the surface contains an infinite 
number of (-l)-curves, and the branch can be discarded. It seems based on 
some limited evidence that the only situations where an infinite number of 
negative self-intersection curves arise is on a relatively small number of lim¬ 
iting bases that cannot be further blown up, and which are associated with 
Calabi-Yau threefolds having quite small And it is not clear whether 
bases with this infinite number of generators really give acceptable F-theory 
models. We leave a further exploration of these questions, however, to future 
work. 


8. The algorithm 

In this section we give a finite recursive algorithm for generating general 
bases, with specific prescriptions for dealing with the various potential com¬ 
plications discussed in preceding sections. 

(1) We start from a base 5, with Picard rank r -|- 1 and a vector rep¬ 
resentation of negative curves Neg(£'), Sing(S') G Neg(5). This data should 
always be finite. 
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(2) We construct all blowups of S in three possible ways: blow up the 
intersection point of two curves Cj, Cj € Neg(S), blow up a generic point on 
a curve C* € Neg(5), or blow up a generic point on the plane. We do not 
consider blowups at points at which three or more negative curves intersect. 
The special blow-ups are also excluded in the current algorithm. 

After this step we have the new Sing(5'). 

(3) With this new Sing(5'), we use the g-process to generate the (-1)- 
curves on S'. In practice, we just start from all the curves of degree 0 and 
degree 1. If the number of curves in this step reaches a certain large value 
(such as 500 or 1,000), then the number of generators is considered to be 
infinite and the base is discarded. This situation turns out not to occur in 
the regimes of this paper. 

(4) Then we need to check if the degrees of vanishing of / G 0{—4K),g G 
0{—6K), A G 0{—12K) are greater or equal than (4,6,12) on any of the 
divisors (see Table (H). If this happens then this singularity cannot be resolved 
and the base is discarded. 


Practically, we use the method of Zariski decomposition, as in 1^. The 
actual algorithm is, we decompose —nK to 


(36) 


nK = Y^ aiCi + Y. 

i=l 


The integral coefficients a* indicate the orders of vanishing of —nK on the 
divisors Cj. And Cj(l < i < k) are all the elements in Neg(S''). The residual 
part Y should be an effective Q-divisor, which intersects non-negatively with 
all curves Cj. We start from ai = 02 = • • • = = 0, and examine Y ■ Ci for 

every Cj. If this quantity is negative for Ci, then we add a minimal value to 
Oj that will make this quantity non-negative and do the check again, until 
Y ■ Ci > 0 for every Cj. If in the process any a* reaches a certain value (11 for 
n = 12), then the singularity is too bad to be resolved. When this happens 
the process stops and the base is discarded. 

If there is set of coefficients Oj that pass the check, then we examine all 
the intersection points of pairs of negative curves a, and aj. If the sum of 
coefficients ai + aj > 10 for n = 12, then this intersection point needs to be 
blown up. 

Furthermore, bases containing (-9),(-10),(-ll)-curves are not good, since 
there are always (4,6) points on these curves. Such points need to be blown 
up until the curve of large negative self-intersection becomes a (-12)-curve. 
(Note that the points blown up in this process could be generic points on 
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these curves or points where they intersect with other negative curves). The 
base is good only when no more points of this kind need to be blown up. 

Applying this method, one can derive the restrictions on curves and 
intersecting curve configurations to give all the connected subgraphs that can 
appear without any (-l)-curves. These are just the NHCs listed in Tabled 
along with configurations with only (-2)-curves. The latter case corresponds 
to Dynkin diagrams of ADE Lie algebras and affine ADE Lie algebras. 
There are additional restrictions on the ways in which different NHCs can 
consistently connect to one other. The NHC linking rules listed in 1^, aug¬ 


mented by a further set of branching conditions on curves of self-intersection 
below —1 in 16|, give a complete set of such rules. In our analysis here, these 
rules automatically are enforced by the conditions that there are no (4, 6) 
curves or points in the base. 

(5) If no additional points need to be blown up, then we compute the 

generators of the dual cone of NegfSQ. This is known to be a hard problem, 
the exact algorithm is described in [491 . p. 11]. If the vectors in Neg(S'') are 
d = r dimensional, then one computes the normal vector u to each of the 
[d — l)-dimensional facets. Then if u or —u intersects non-negatively with all 
C € Neg(5'), then u or —u is a generator of Nef(S''). Hence if n = |Neg(5')|, 
then the computational complexity is at least = (”). This turns out 

to be the major computational difficulty in this program. 

After all the generators of the dual cone of Neg(S'') are found, we check 
if all the generators are non-negative. If not, we add the negative ones into 
Neg(S''). We repeat the step (4) (5), and finally the dual cone of Neg(S'') will 
be free of negative generators, which means that the set Neg(S'') contains 
the complete set of (-l)-curves. 

We then further check if—AT = (3,—1,-1,...,—1) intersects non-negatively 
with all the generators. If not, then —K is not in the effective cone hence 
the base is not allowed. 

(6) If the previous test is passed, then this base S' is good. The next 
step is checking if the intersection structure is isomorphic to one of the bases 
generated before. The graph isomorphism problem is also known to be hard; 
it is not clear if there exists a polynomial algorithm. In practice we used the 
“VFlib” library developed by Pasquale Foggia [50|. 


(7) If all the tests are passed, add this base to solution set and restart 
step (1) using S'. 

The overall starting points are the bases with r = 2 that come from blow¬ 
ing up F„, and which have no (-9),(-10),(-11) curves. We list their Neg(S') 
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below (the l.h.s. is the cyclic toric diagram for these bases S): 

(( 0 , 0 , - 1 , - 1 , - 1 )) :{( 0 , 1 , 0 ), ( 0 , 0 , 1 ), ( 1 , - 1 , - 1 )} 

(( 1 , - 1 , - 1 , - 2 , 0 )) :{( 0 , 1 , - 1 ), ( 0 , 0 , 1 ), ( 1 , - 1 , - 1 )} 

((2, -1, -1, -3, 0)) :{(-!, 2,0), (0,0,1), (1, -1, -1)} 

((3, -1, -1, -4, 0)) :{(-!, 2, -1), (0, 0,1), (1, -1, -1)} 

(37) ((4,-1,-1,-5,0)) :{(-2,3,0), (0,0,1), (1,-1,-!)} 

((5, -1, -1, -6, 0)) :{(-2, 3, -1), (0, 0,1), (1, -1, -1)} 

((6, -1, -1, -7,0)) :{(-3,4,0), (0,0,1), (1, -1, -1)} 

((7, -1, -1, -8, 0)) :{(-3,4, -1), (0, 0,1), (1, -1, -1)} 

((11, -1, -1, -12,0)) :{(-5, 6, -1), (0, 0,1), (1, -1, -1)} 

So and P„ are not counted in the solution set and they have to added 
in by hand. 

Using this algorithm can produce a finite list of possible bases in a spe¬ 
cific desired range. The possible sources of incompleteness or inaccuracy in 
such a list are as follows: 

(i) Bases where the effective cone has an infinite number of generators, 
or a very large number that exceeds the arbitrary cutoff in the code, will be 
missed. 

(ii) Bases that are produced by “special blowups” giving curves of self¬ 
intersection -2 or below, or by blowing up points at the intersection of more 
than two negative curves, will be missed by this algorithm. 

(iii) If there are bases in which, as in Pappus’s theorem, a certain com¬ 
bination of more than two negative self-intersection curves are forced to 
intersect at a common point, this algorithm may generate spurious bases 
that appear to have an acceptable combinatorial structure for the cone of 
effective curves, but which do not correspond to actual surfaces. 

In the following sections we present some classification results of bases 
under certain limits. We have checked that in these regimes none of the 
subtleties just mentioned occurs, so we indeed generate all the possible bases 
in these regimes. 

9. Classification of all bases with rk(Pic(5')) < 8 

The first subset that we enumerate explicitly is the set of bases with rk(Pic(5)) 
= T -|- 1 < 8. We wish to explicitly determine the set of all combi- 
natorially distinct effective cones that are possible for bases in this range; 
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this determines all topological types of bases, for each of which we can com¬ 
pute Hodge numbers for the generic elliptic fibration over that base. For 
this set of bases, none of the problematic issues are relevant. The small¬ 
est value of rk(Pic(S')) where the issue arises that three negative curves 
may intersect each other is 7, where we can have A = (1, —1, —1,0,0,0,0), 
B = (1,0,0, —1, —1,0,0), C = (1,0,0,0,0, —1, —1). Hence this subtlety will 
not affect the classification of types of bases with rk(Pic(5)) < 8. Note, 
however, that at rk(Pic(S')) = 7, a situation arises already where there are 
non-isomorphic surfaces of the same type. On P^, we can blow up six points 
in such a way that we can realize either of the two configurations in Figure [H 
These surfaces are treated identically in our combinatorial analysis. Blowing 
up these non-isomorphic surfaces gives topologically different surfaces with 
rk(Pic(S')) = 8, so a systematic way of treating this issue would be necessary 
to continue this analysis to higher values of h^’^(S). Within this range of 
consideration, the problem of special blow-ups also is not a problem, since 
the shortest vector representation of a curve that comes from a special blow¬ 
up is (3, —1, —1, —1, —1, —1, —1, —1, —2). And the number of generators of 
the effective cone is finite for all surfaces in this range. Thus, the list of all 
bases with rk(Pic(S')) < 8 generated by our algorithm is indeed complete. 

In total there are 468 bases with 8 > rk(Pic(5')) > 0. This includes the 
surfaces P^ and with n = 0~8orl2. Among these, 245 are non-toric and 
177 are not included in the semi-toric list in [l6(]. All previously identified 
toric and semi-toric bases appear in the set generated by our algorithm, 
which gives a check on the correctness and completeness of the result. 0 A 
detailed breakdown of the number of bases with each value of Picard rank 
that fit in each category is given in Figure [3 

At low values of = r + 1, the set of bases generated can be under¬ 

stood directly along the lines of the discussion in Section [3] and Figure [3l For 
r = 0,1 the only bases are P^ and the Hirzebruch surfaces. The blowups to 
r = 2 give a set of 9 toric surfaces with toric divisors having self-intersection 
((n — 1, —1, —1, —re, 0)) with re = 1,..., 8,12. There are 22 surfaces S at 
r = 3, of which three are non-toric. The three non-toric r = 3 bases are 
those resulting from blowing up the middle —1 curve in the chain of curves 

^Note that for the purposes of counting and comparison in this paper we include 
among toric and semi-toric bases those bases that have toric or semi-toric structure 
including curves of self-intersection —9, —10, —11; in some cases such bases are not 
really toric or semi-toric once the (4, 6) singularities on the —9 etc. curves are blown 
up. We include these bases however in the toric and semi-toric sets since they can 
be generated effectively using the corresponding toric or semi-toric approach. This 
technical distinction is discussed further in [l6| . 
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# of bases 



h’-’(base) 


Figure 7: The number of bases with each value of < 8 that are toric (red), 

semi-toric (purple), and general including non-toric (blue). 


— 1, —1, —n at a generic point, when n = —1, —2, —3. (For —4 or below, this 
construction gives intersecting curves —2, —n with n < —4, which gives rise 
to a (4,6) singularity at the intersection point.) The non-toric example in 
Figure [3] is the example of this type with n = 1. Continuing further, at r = 4 
there are a total of 49 distinct base topologies, of which 27 are toric, another 
7 are semi-toric but not toric, and another 15 are non-toric and cannot be 
identified by toric or semi-toric analysis. As r increases, the fraction of bases 
that are non-toric increases. 

We plot the Hodge numbers of the generic elliptically fibered Calabi- 
Yau threefolds over the bases in this set in Figure 0 We also plot the Hodge 
numbers in the Kreuzer-Skarke database [^. In principle, any elliptically 
fibered Calabi-Yau threefold with < 9 should be supported over one 

of the bases in this class. Note that many of the Hodge number pairs in this 
range can be realized by tuning Weierstrass models over the bases we have 
identified to realize larger gauge groups associated with enhanced Kodaira 
singularities, along the lines of the analysis in IT]]. For example, the Kreuzer- 
Skarke list contains a Calabi-Yau threefold with Hodge numbers (3,231). 
This Calabi-Yau can be realized by tuning an SU{2) gauge group on the 
divisor class H in P^. Similarly, the Calabi-Yau with Hodge numbers (3,195) 
can be realized by tuning an SU (2) on a quadratic curve in the divisor class 
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Figure 8: The Hodge numbers of the generic EFS (elliptically fibered with section) 
Calabi-Yau threefolds over all smooth complex surface bases with rk(Pic(S')) < 8 
are represented by black dots. The 6D theories that result from compactification on 
these CY3s have T < 7 tensor supermultiplets. The Hodge numbers in the Kreuzer- 
Skarke database are represented by gray dots. 


2H in P^, etc. Note, however, that this analysis guarantees that the Calabi- 
Yau’s with certain large Hodge numbers such as (1,149), (2,144),... cannot 
be realized as elliptic fibrations. 

The list also contains all the generalized del Pezzo surfaces listed in 42l ] 
from degree 6 to degree 3. The algorithm presented in this paper is a poten¬ 
tial tool to generate all the generalized del Pezzo surfaces. The number of 
(-l)-curves on generalized del Pezzo surfaces are listed in 4^. These num¬ 
bers exactly agree with the numbers generated with our method in Proposi¬ 
tion [TJ For instance, consider r = 6, if Sing(S') = {(1, —1, —1, —1,0,0,0)} or 
{0,1, —1,0,0,0,0}, then the number of (—l)-curves is exactly 21, which can 
be found in Table 7 of [d^ ]. We can also run this algorithm for generalized 
del Pezzo surfaces up to r = 7,8, restricting to bases without —3 curves or 
below. For r = 7, when the case where three curves all meet at a point is 
ignored, we get 46 different intersection structures, matching the results of 
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[42l ]. When one allows three curves to meet at a point, a new base with 7 
(-2)-curves that do not intersect each other appears. This base is labelled by 
7Ai in the literature, and it only occurs over a field of characteristic 2. From 
our point of view, this base is forbidden by a geometric obstruction that is 
not apparent from the combinatorics of the effective cone. The complete 
list of all 47 r = 8 bases including the 7Ai base is given in Similarly, 
for r = 8, the algorithm when triple intersections (but not special blow-ups) 
are allowed produces 76 bases, including the 74 identified in [i^ and two 
others that appear in ^ that have geometric obstructions over C. The list 


m 


5ll | also contains one further base with 8Ai, which is not identihed by 


our algorithm and also has a geometric obstruction over C. 

When applied to bases with rk(Pic(5)) = 9, we might hope to use this 
approach to reproduce the complete list of types of rational elliptic surfaces 
with degenerate elliptic fibers as divisors, i.e., Persson’s list K] This 
would provide a simple context in which to attempt to systematically address 
the issues of multiply intersecting curves, special blowups, and potentially 
infinite numbers of generators for the effective cone. 


10. Classification of all bases for elliptic Calabi-Yau 
threefolds with > 150 


Another set of bases that we can completely classify is the set of bases that 
support elliptic Calabi-Yau threefolds X with > 150. This subset 

is relatively easy to study, because it turns out that the difference between 
|Neg(5)| and rk(Pic(5)) is small. Hence the dual cone problem is easier to 
solve, though still computationally expensive. Also, the situations in which 
three negative curves intersect each other or the dual of Neg(5) contains a 
negative curve never happen, nor does an infinite number of negative curves 
ever arise. The only issue that could in principle make our list incomplete is 
the presence of special blow-ups. Recall that special blow-ups only happen 
when S' contains a curve with self-intersection (—2) or lower, and the last 
entry in its vector representation is (-2) or lower. We begin by discussing the 
results of our analysis, and then in subsection 110.31 we explain why special 
blow-ups can essentially be ruled out for this class of bases. The analysis 
described in 1110.31 also makes it clear that in the range > 150 we do 
not expect higher degree —1 curves, so that it should not be necessary to 
check the dual cone. We nonetheless explicitly checked the dual cone in the 
cases where > 200 and confirmed that in this range the effective cone is 
automatically produced correctly by g-operations on low-degree curves, and 
does not miss any higher degree —1 curves. We did not explicitly check this 
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in the range 150 < /i^’^ < 200, due to the computational time needed, but 
we expect from the arguments in i]10.3l that the results in that range would 
be the same as those for /i^’^ > 200. 


10.1. Statistics of bases giving generic EFS CY3’s with large 


In total our algorithm produces 6511 bases over which the generic elliptic 
Calabi-Yau threefold has > 150. This set of bases includes and 

F„, with n =_0_~_8_ or 12. All the 3871 toric and toric -|- semi-toric bases 


identified in |15l . 16| giving threefolds with h'^’^ > 150 can be found in our 
list (including ones generated from blowing up -9/-10/-11 curves at generic 
points). Hence the number of new bases which is not in the list of [l^ is 
2640. 

We plot the Hodge numbers of the generic elliptic Calabi-Yau threefolds 
over this set of bases in Figure fTOl Generic elliptic hbrations over the 6511 
distinct bases give CY threefolds with 1278 distinct Hodge number pairs. For 
very large as discussed in 17|, all known Calabi-Yau threefolds can be 
realized as elliptic hbrations over toric or semi-toric bases. The hrst non-toric 
base arises from a Calabi-Yau with Hodge numbers (19,355); these Hodge 
numbers can also, however, be found from a Calabi-Yau that is elliptically 
hbered over a toric base, where the toric base is a limit of the non-toric 
base containing an extra —2 curve. Similar situations arise at other large 
values of The largest value of at which there is a non-toric base 
with no toric equivalent is at the Hodge numbers (29,299). In the following 
subsection we describe this base, as well as other new non-toric bases that 
we have identihed with generic elliptic hbrations having Hodge numbers that 
are not in the Kreuzer Skarke database. 

A graph of the number of toric, semi-toric, and non-toric (meaning nei¬ 
ther toric nor semi-toric) bases with Hodge numbers exceeding particular 
values of is shown in Figure [9l It is notable that the number of non- 
toric constructions is not dramatically larger than the number of toric bases 
anywhere in the range considered. In principle, one might have imagined that 
toric constructions would only represent a very specialized class of Calabi- 
Yau threefolds. At least for elliptic CY threefolds with > 150, we see 
that this is not the case. In fact, toric geometry seems to be surprisingly 
effective at constructing a representative sample of Calabi-Yau threefolds at 
large Hodge numbers. 
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# of bases with h^ ‘(X)>h 



Figure 9: The number of toric (red), semi-toric (purple), and completely general 
including non-toric (blue) bases over which the generic elliptic Calabi-Yau threefold 
has > h for a range of values of h. 


10.2. New Calabi-Yau threefolds 

We have identified 15 bases that give rise to elliptic Calabi-Yau threefolds 
with Hodge numbers that are not in the Kreuzer-Skarke database. Their 
Hodge numbers are: 


(38) 

(/iid, ^ ^29, 299), (48,270), (30, 270), (59, 269), (41, 269), (70, 268), 
(31, 241), (31,241), (66, 240), (42, 240), (89, 239), (20, 214), 
(84,210),(149,179),(104,152). 


The mirrors of these Calabi-Yau threefolds also do not appear in the Kreuzer- 
Skarke database, so this represents 30 new Calabi-Yau threefolds. The fact 
that only 15 of the 1278 Hodge number pairs produced by our algorithm 
represent Calabi-Yau threefolds with Hodge numbers that are not produced 
through toric constructions suggests that toric methods are remarkably effec¬ 
tive in producing a representative sample of Calabi-Yau manifolds, at least 
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Figure 10: The Hodge numbers of all the EFS Calabi-Yau threefolds with > 
150 generated by generic elliptic fibrations over smooth surfaces are represented by 
black dots. The Hodge numbers in the Kreuzer-Skarke database are represented by 
gray dots. 


for elliptic threefolds with large Hodge numbers. Note that while 8 semi- 
toric bases were identified in 16|] that give rise to elliptic Calabi-Yau three¬ 
folds with Hodge numbers not included in the Kreuzer-Skarke database, the 
largest Hodge number for any of these was = 31. 

The new Calabi-Yau threefold with the largest value of which has 
Hodge numbers (29, 299), can be understood by explicitly analyzing the base 
geometry. This geometry is closely related to the set of bases studied in [17 1. 
If we begin with the toric base having self-intersections 


(39) 


((-12, -1, -2, -2, -3, -1, -4, -1, -3, -1,6 ,0)), 


which is associated with a Calabi-Yau having Hodge numbers (28, 304), and 
then blow up a generic point on the —4 curve, we get a non-toric base 
having no toric equivalent, over which the generic Calabi-Yau elliptic fibra- 
tion has Hodge numbers (29,299). The shift by —5 in /i^’^ arises from a 
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shift of —29 from the blowup, and +24 from the difference in the contri¬ 
bution to V from the dimensions of the groups SO( 8 ), F 4 . By explicitly 
analyzing possible sequences of blowups on a single fiber, it can be shown 
fairly readily that this base is the first one encountered as /i^’^ decreases 
that is non-toric and is not equivalent to a toric base. Note that after 
the non-toric blowup it is not possible to blow up another point on the 
new —5 curve, since the non-Higgsable cluster —6 cannot be adjacent to 
a —3,—2,—2 cluster 1^. One can blow up the point between the —1 and 


6 curves, giving a new base with generic elliptic Calabi-Yau having Hodge 
numbers (31,271). This non-toric base is not equivalent to a toric base, 
but has the same Hodge numbers as a closely related toric base. Blowing 
up a generic point on the (29, 299) base gives a base with Hodge numbers 
(30, 270), also on the list above. And the base with Hodge numbers (48, 270) 
can be constructed by starting with a toric base having self-intersections 
((-12, -1, -2, -2, -3, -1, -5, -1, -3, -2, -1, -8, -1, -2, -2, -2, 7)) and blow¬ 
ing up a point on the middle —2 curve in the last A 3 sequence. The rest of 
the new bases and associated Calabi-Yau threefolds can be understood in a 
similar fashion. 

Note that all of these non-toric constructions are fairly close to toric 
bases, consisting for the most part of long linear chains of non-Higgsable 
clusters connected by —1 curves, with occasional adornments that take the 
bases outside the toric class. While we expect that at smaller the inter¬ 
section structure of non-toric bases becomes more complex, the general pic¬ 
ture that we see at large /i^’^ matches well with the results of 16|], and 
suggest that going beyond toric bases, and including branching and loops 
in the intersection structure of the base does not dramatically increase the 
complexity or number of possible base surfaces that can support elliptic 
Calabi-Yau threefolds. 


10.3. Special blow-ups 

We conclude this section with a brief description of why special blow-ups 
do not occur in this set of bases associated with elliptic Calabi-Yau’s having 
large h^’^. While we do not have a formal mathematical proof that this 
cannot occur, we argue below that special blowups cannot arise for any base 
giving a generic elliptic fibration with > 135. Related arguments explain 
why at large there are no issues with multiple intersecting negative 
curves, or infinitely generated effective cones. 

In the full set of data that we generated without including the possi¬ 
bility of special blow-ups, it turns out that there is never a negative curve 
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with a (-2) in the vector representation; in fact there is not even a single 
negative cnrve with degree 2 or higher in any of the bases. The reason is 
essentially that curves of high degree are strongly constrained in the pres¬ 
ence of non-Higgsable clusters. For instance, when we consider the bases that 
come from blowing up F 12 , the (-12)-curve (—5,6, —1,0,... ) tightly restricts 
the possible form of negative curves. To ensure that a negative curve inter¬ 
sects non-negatively with the (-12)-curve, all the curves with degree 2-5 are 
excluded, and the first valid example of higher degree is (6, —5, 0,... ). In 
our data it turns out that there is never a (-l)-cnrve in this form. This is 
due to the fact that we only keep bases with large The same fea¬ 

tures that obstruct the appearance of such a (-l)-curve even more strongly 
obstruct the appearance of a (-2)-curve or below that conld arise from a 
special blowup.. 

To be more explicit, let us attempt to identify the base with maximal 
that arises as a blowup of F 12 , and which contains the (-l)-curve 
(6, —5,0, (—1) X 12). This is the first (—l)-curve of higher degree that can 
appear on a blowup of F 12 . We claim that the base of interest is just F 12 
blown up at 13 generic points, denoted by BI 13 F 12 , with = 491 — 13 x 
29 = 114. This base has no NHC aside from the original (-12) curve. It is not 
possible to keep the same degree 6 (- 1 ) curve and increase by choosing 
specific points to generate additional nonabelian groups, since, for example, 
a (-3) curve that could support an SU{3) factor would need to be on a 
curve of the form e.g. ( 0 , 0 , 0 , 1 , — 1 , — 1 , 0 ,... , 0 ), which cannot happen as it 
would have negative intersection with the degree 6 negative cnrve. Further 
non-Abelian non-Higgsable gauge groups can be added by further blowups, 
but this procedure will always lower /i^’^(A). One may wonder if there is 
a base S that contains a (-l)-curve like C = ( 6 , —5,0, (—1) x m,0, (—1) x 
(12 — m)) with greater than 114. This is impossible, because one can 

permute the last (-l)-entry with this 0-entry in the middle. For other curves 
on S, this permutation is always feasible except for the cnrve of the form 
(0,0,... , 1,..., —1), where the 1-entry is going to be permuted. However this 
curve is not compatible with C, because the intersection number between 
them is negative. After the permutation, the base becomes a blow up of 
BI 13 F 12 , hence its h‘^’^{X) is smaller than 114. This shows that a degree 6 
curve of self-intersection -1 cannot arise from blowups of F 12 for any base 
associated with an elliptic Calabi-Yau having > ]^x4. 

Now considering other type of cnrves with degree higher than 1 on 
blowups of Fi 2 , the base with maximal h‘^’^{X) that contains the curve is 
also the base with smallest Picard rank (or length of vector representation). 
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n 

0,1,2 

3 

4 

5 

6 

7 

8 

12 

max(/i^4(x)) 

127 

135 

126 

121 

118 

116 

115 

114 


Table 6: The maximal of bases that come from blowing up F„, and have 

a negative curve with degree higher than 1. 


For example, the curve 

(40) D = (12, -10,0, (-2) X 9, (-1) x 6, -2) 

is a curve that can be generated by special blow-up. The maximal NHC that 
is compatible with this D are three (-3)-curves of the form (0,..., 1,..., — 1, — 1, 
Hence the maximal h?'^{X) = 491 — 17 x 29 -|- 3 x 8 = 22. In general the 
maximal /i^’^(Y) of bases containing these types of curves which are gener¬ 
ated by special blow-up is even less than 114, hence in our regime they will 
never appear. This conclusion seems quite clear from the form of curves of 
degree 6,12,18,..., though we have not attempted a systematic and com¬ 
plete mathematical analysis of all possibilities. 

Similarly for the bases that come from blowing up Fg, which contains 
a (-8)-curve (—3,4, —1,0,...), the lowest degree negative curve with degree 
greater than 1 is (4, —3,0, (—1) x 8). The maximal /i^’^(Y) = 376 — 9 x 29 = 
115. We list these numbers for each in Tabled the largest value in that 
table is 135 for Fg. The conclusion is that special blow-ups should not bother 
us in the regime /i^’^(Y) > 135. 

The absence of negative curves of degree higher than one helps to explain 
why there are no problems with configurations of multiple mutually inter¬ 
secting curves, or infinitely generated effective cones, when is reason¬ 
ably large. For example, for bases that arise as blowups of F 12 , and on 
which the only (—1) curves are of degree 1, such curves always take the 
form (1, —1,0,... , 0, —1,0,... , 0) or (0,..., 0,1,0,... , 0). It is easy to see 
that there cannot be three curves in these forms that all intersect pairwise. 
Furthermore, there are clearly a finite number of negative curves on any 
such base. While the constraints are weaker for bases that arise as blowups 
of Fm for small m, the only surfaces without curves of self-intersection -3 
or below are the generalized del Pezzo surfaces, and we know that the first 
appearance of three mutual intersecting curves in that context occurs on 
dPQ, associated with a Calabi-Yau having = 98. 

Thus, it seems in principle that it should be possible to carry out the 
systematic analysis of bases as far down as roughly ~ 135 before any of 
these issues will arise. For bases without higher-degree negative curves, the 
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algorithm can also be made more efficient since it is not necessary to check 
the dual cone condition. The remaining issue which this does not address, 
however, is whether —K is in the effective cone for all such bases. 


11. Conclusions 


In this paper we have developed a combinatorial approach to exploring the 
set of smooth non-toric base surfaces that can support elliptically fibered 
Calabi-Yau threefolds. This approach has enabled us to carry out a sys¬ 
tematic enumeration of base surfaces with small Picard number and base 
surfaces that support elliptic Calabi-Yau manifolds X with large Hodge 
number > 150. 

There are a few issues that make it difficult to extend the enumeration 
carried out here to the complete set of non-toric bases associated with arbi¬ 
trarily small values of /i^’^(Y). In particular, the combinatorial data of the 
cone of effective divisors in that we use here to characterize surfaces 
does not capture all geometric information; in some cases there are surfaces 
“of the same type” that share this combinatorial description but have differ¬ 
ent more detailed structure. Related to this, in some cases there are “special 
blow-ups” that produce curves of self-intersection -2 or below that are dif¬ 
ficult to systematically detect. Neither of these issues arises in the specihc 
classes of surfaces that we have constructed here, but they would need to 
be dealt with for a complete enumeration of bases, or of elliptic Calabi-Yau 
threefolds. There is also the issue that the number of generators of the effec¬ 
tive cone can be infinite; this seems to only occur, however, at limiting bases 
that cannot be blown up further to give further valid bases for elliptic CY 
fibrations. 

One of the main lessons of this work is that including completely general 
non-toric bases does not seem to dramatically expand the range of possi¬ 
ble constructions for elliptic Calabi-Yau threefolds, at least at large Hodge 
number. This extends further the qualitative results of 16|, which showed 


that adding nontrivial branching and loops to the intersection structure of 
negative self-intersection curves in the base does not dramatically increase 
complexity. Indeed, particularly at large Hodge numbers it seems that toric 
bases do a remarkably good job of characterizing the set of possible bases for 
elliptic Calabi-Yau threefolds, at least at a qualitative level, and that while 
adding bases with semi-toric or non-toric structure increases the number of 
possibilities, it does not do so by many orders of magnitude. 
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The bases constructed here could be used in principle to construct all 
possible elliptic Calabi-Yau threefolds with > 150, by including all tun¬ 
ings of additional nonabelian gauge groups, matter representations at codi¬ 
mension two, and abelian gauge groups, along the lines of 0 . While this 
would be a computationally intensive endeavor, and there are still some open 
questions regarding possible matter representations and codimension two 
singularities, much of the understanding is in place to make this a tractable 
proposition. Recent work from a number of different directions 17, 32, 5^ 

suggests that the majority of known Calabi-Yau threefolds are elliptic, par¬ 
ticularly those with large Hodge numbers. It is interesting to speculate that 
the set of elliptic CY threefolds that could be constructed using the bases 
determined here could in fact comprise all, or almost all, of the Calabi-Yau 
manifolds with > ]^ 5 q^ independent of the elliptically fibered condition. 
Of course, more insight into the structure of general Calabi-Yau threefolds 
would be necessary to verify any such claim. 

Some of the issues encountered in this paper pose interesting questions 
for the program of “string universality” in six dimensions. It is known that 
all quantum-consistent massless spectra for 10-dimensional theories of grav¬ 
ity with minimal supersymmetry are realized in string theory [^, and it 


has been conjectured that a similar statement is true in six dimensions |57l ]. 
The close connection between the geometry of F-theory constructions and 
the structure of the corresponding low-energy six-dimensional supergravity 
theory was used in to relate constraints between these two pictures. 

In particular, the intersection structure on the F-theory base maps to and 
constrains the structure of the dyonic string lattice in the 6D theory 60(]. 


From this point of view, the set of F-theory vacua on Calabi-Yau manifolds 
with large corresponding in the 6D supergravity picture to theories 
with large numbers of neutral scalar fields, may be a natural context in 
which to strengthen the evidence for string universality in 6D. For example, 
it would be interesting to try to demonstrate that the only consistent low- 
energy 6D supergravity theories with one supersymmetry and more than 150 
neutral scalar fields are those that arise from F-theory constructions on the 
bases we have constructed here. One interesting challenge for extrapolating 
such a program to lower is to find a low energy understanding of the 
different types of constraints discussed in ^associated with e.g. Pappus’s 
theorem, or the configuration described in Table [SJ each of which indicates 
that a certain structure of effective cone for the 6D supersymmetric string 
charge lattice that may appear consistent, cannot be realized in F-theory by 
a sensible base geometry. Such issues may provide a useful insight into the 
precise correspondence between UV consistency conditions on low-energy 
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six-dimensional supergravity theories and the geometry of F-theory con¬ 
structions. 

The datasets described in Sections [9] and [TO] are available online at [61 1. 
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